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l}  wuc[jkm¢q¨jqk_c[ cUjtql}§¢  jk_cU  
Qpc[+quxM_;a©
e£º [7f ºhg
ircwucl}a3¢ l}qkc[w(3qk_c|&l}|LcwUª°¡´xnw(|LxMjk²quMc¡´maa+quxMaj
f
lna
g
ª°qu_cc[¬Cm l}¢ cac
f(x) ∼ dg(x)
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¦qk_
d > 0
bJcUl}aj
f(x)/g(x) → d
lnj
x → ∞
©>$s³xMCMcCqk xn:ªpqk_cc[¬Cm l}¢ cac
f(x) ∼ dg(x)¦qk_
d = 0
bJc[lnaj
f(x)/g(x) → 0
lnj
x → ∞
ª?qk_¨jW¦¢ ¢p§&c$¦wu²qkqkc
f(x) = o(g(x))
©  c¦ ¢ ¢ln¢ jkx
m&j~c­qk_cxnqul}qk xn
f(x) = O(g(x))
quxbJcUl}
lim sup f(x)/g(x) < ∞
l}a
lim inf f(x)/g(x) > 0
©
DðJqu_¨j=|al}|LcwUª
ε(x)
pc[x}quc[jZlf¡´maa+quxMIj~ma_Jqu_alq
ε(x)
x→∞
−−−−→ 0
©=^_c¡´maa+quxM
ε
bl?slnwks(¡´wuxnb
|a¢ lMc­qkxJ|¢¨lnc O¡´xnwcolnb|a¢cMª
ε(x) + ε(x) = ε(x)
ª
ε(x)(1 + ε(x)) = ε(x)
ªcqun©(QpbJ ¢ lnwk¢ snªp¦$c¦¢ ¢
¦wuqkc
ε(x, y)
¡´xMw
ε(x) + ε(y)
ªxMw
ε(x)ε(y)
ªcq}©
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a:¶ <;cfÌ ¶ 7f  ¶  g »î º :f g>=  ¶8?  ¶ g  ¶ 
 cwuc[ln¢¢_c[wkc$qu_cx}qlqk xn Mquwkxppm&c[ _? A]ªquxc[juwu§Lcl­Mcc[wuln¢ ¤cUCln¥pjkxnacqt¦$xnwu¥f¦qk_
K
xppcUj©
^_ac­cqt¦xMwk¥pj¦cfxMaj~¨pc[wlnwkcf_al}wlnqkc[wk ¤cUJ§CsJqu_c­¡Ìln+qqu_alqj~c[wk¨crqk bcUjl}a0wkxMmpqk pc[!
jk xnajl}wuc­lnjujkx l}qkcUJ¦²qu_0jtqlquxMajlnaxnq¦qk_4maj~qkxMbc[wuj[©^_ j$bJc[lnaj=qu_alq$qk_ac
j
Pqk_0jkcwu c
xM0j~qulquxM
k
ql}¥Mc[j
σ
(k)
j
ma²qj$x}¡9qubJcnª¦_c[wkc
{σ
(k)
j }j≥1
¨jl|wuc[pc acU0jkc[¬Cmc&cn© Dðqu_c(jklnbJc
¦l?snª?¦_c[qu_¨jWjkcwu cS¨jxnbJ|¢ cquc[°ª}qk_c$¢cUl?fmaj~qkxMbJcw jjkcCqWqkxjtqlqk xn
ν
(k)
j
F´xMwW¢ c[l?Mc[j:qk_c
acqt¦$xnwu¥¡
ν
(k)
j = K + 1
HZlna¨jS|mq$lq$qk_acrc&Ix}¡°qu_c­¬Cmc[mcrxMqk_a jj~qulquxM9ªM¦_acwuc
{ν
(k)
j }j≥1¨jJl}¢¨j~x3l¯|wuc[c acU jkc[¬Cmc[acMªZl}¢ ¢ c[«qu_c4wkxMmpqk 3jkc[¬Cmc[acM© ^_c³j~cU¬Mmacac[j
{σ
(k)
j }j≥1
l}&
{ν
(k)
j }j≥1
ª:¦_c[wkc
k
wulnncUjfxncwfqu_cIj~cq(x}¡jtqlqk xn&jª:lnwkcJln¢¢ c[3qu_cIpwua4jkc[¬Cmc[acUjx}¡$qk_c
acq[©  xc
0
bJxppc¢¨jqu_ccoCqucwual}¢l}wuwk l}¢°x}¡ZmajtquxnbJcwj £qk_accqt¦$xnwu¥Eªpqk_ac£qu_cl}wuwul}¢EqubJc
xn¡=qk_c
j
Gqu_¯maj~qkxMbJcwr ¼qu_cacqt¦$xnwu¥Iquln¥ncUjX|¢¨lnclq
σ
(0)
1 + · · · + σ
(0)
j
l}a¼²q$ytxn ajqu_cca£xn¡
qu_c¬Cmcmacfxn¡j~qul}qk xn
ν
(0)
j
©RiXc[ac
σ
(0)
j
 jqu_c
j
Gqu_ Cqkc[w ðl}wuwk l}¢&qk bJcn©
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U ¢¢Lqu_cfjkc[¬Cmc[acUj
{ν(k)}
l}&
{σ(k
′)}
l}wucrbmpqkmaln¢¢ s apc|Lc&pcCq$¡´xnw
k, k′
wl}an xnc[wZqu_cfjkcq
xn¡Wj~qul}qk xnaj[©
[ A@f ºhgJICWºhg FE ¶ f g » ¶ @ ¶ g » ¶ g  ¶£ºDG  ¶ H;cfG ¶ f  ¶ 
 cI¦ ¢¢$lnjuj~mabcqu_c0jkcwuC¨cJqubJcUjl}wucJ&pc|LcacCq¡´xMwpWLc[wkc[Mqj~qul}qk xnajl}aP© P© °© «c[lM_
j~qul}qk xn4¦²qu_aqkc(bJc[lnK
E(σ(j)) = 1
µ(j)
> 0
¡´xMwXl}¢ ¢
1 ≤ j ≤ K
©
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7f gN=
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xM0qu_cj~qulquc(j~|alMc
{0, 1, . . . , K, K + 1}
¦qk_4qkwl}ajkqk xn4bJl}qkwu²o
R =









0 p0,1 . . . . . . p0,K 0©©©
p1,1 p1,2 . . . p1,K p1,K+1©©©
p2,1 p2,2 . . . p2,K p2,K+1©©© ©©©
0 . . . . . . . . . 0 1









^_a j jc[¬Cm ?ln¢c[Cqqkx¯lMjkjkmbJ £qk_&lqqu_c0wuxnmpqua¼pc[ jkxMaj
{ν
(k)
j }
 j~qul}qk xn
k
l}wucP© P© 9©¼
j
ªL&pc|LcacCqfxn¡ZcMcwusMqu_ Ic¢¨jkcnªEl}a£jkma_£qu_alq­qk_cwkxMmpqk c[¨jkxM¼j~c[¢cU+quj­jtqlquxM
i
¦qk_
|awkxM§al}§ ¢ ²qts
P[ν(k) = i] = pk,i.^_acZ¡Ìlnqqu_alqqk_c$wuxnmpquc[j§m ¢²q¦²qu_qu_ j T¼lnwk¥MxC¨l}|wuxpcUpmwucl}wucSjkmac[jujt¡´ma¢M bJ|¢ c[jqu_alqjtqlqkc
K + 1
¨j­qk_cJxM¢s¼ln§ajkxnwu§aj~qulqucxn¡Squ_ j(_&l} 3l}&¯l}¢ ¢x}qu_cw(j~qulquc[jl}wucqkwl}ajkc[Cq7O°¦$cqu_c
_&l?nc(qu_cMcwus4jul}bJc"T¯l}wu¥nx lnwuxnmqk 0lnjujkmbJ|pqk xnajflnjr F´cop|Lxnc[Cqk¨l}¢HXCln¥pj~xM  cqt¦$xnwu¥pj©
T¼xnwucnc[cwl}¢ ¢sMªa¦_c[3pc[x}quaI§s
Ek
qk_c¢ l?¦ xn¡=qk_c_al} ¼¦qk_3qk¨l}¢xMapqk xn
k
ªLlna
Vjqu_c(mb§Lcwxn¡W¨j~qujxn¡:qu_ jrl}§ajkxnwu§ _&l}  £jtqlqkc
j
ª¦$c(pc aac K
E0[Vk] = πk, P0[Vk ≥ 1] = pk, Ek[Vj ] = πk,j , Pk[Vj ≥ 1] = xk,j .
FtdH
 c(¦ ¢¢9m&j~cfqk_ac¡´xn¢ ¢x¦ x}qlqk xnK
bj =
πj
µ(j)
, bj,i =
πj,i
µ(i)
, Bj = max
i
bj,i.
 qk_ qk_¨jx}qlqk xn:ª¦c pcxnqkc3§Cs
b = maxi πi/µ
(i) = maxi bi
©9cq
λ−1 = E[σ0] = a
©
^_awkxMmn_xMmpq$qk_¨j|aln|&c[w¦c¦ ¢¢:lMjkjkmbJcfqk_al}qFK
λb < 1.
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H
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y > 0

F (x + y) ∼ F (x)
S
x → ∞.
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F ∗2(x) ∼ 2F (x)
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α ∈ R  f ∈ R(α)   

lim
x→∞
f(tx)
f(x)
= tα
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t > 0
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h


[0, +∞)
:G0!1h4 +6
8  h ∈
R(−∞)   

lim
x→∞
h(tx)
h(x)
= 0

"
t > 1

axnwcol}bJ|¢ cnª  c[§am¢¢ExMwS¢ xnnaxnwubJln¢wl}apxMb'lnwk¨l}§¢ c[jZ_al?ncql} ¢L j~qkwu§ampqk xnajSqk_&lq$lnwkcrwuln| ¢s
lnwks a©
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 c¦ ¢ ¢pc[x}quc§s
S
qk_c¢¨lnjujx}¡Sjkm§Lcop|&xMcCqu ln¢p¨jtquwk §mpquxM³¡´maqk xnaj­xn³qu_c|LxMjk²quMcwuc[l}¢
¢  cn©xnw(l4p¨jtquwk §mpquxM¯¡´m&+qk xn
F
xM¼qu_cJ|&xCj~qk ncwkcUl}¢¢ cJ¦qk_ aqkc awjtqbJxnbJcCq
M =
∫ ∞
0
F (u)du
ª
F (u) = 1 − F (u)
pc[x}quc[j$qu_cquln¢9xn¡
F
l}a
F s
qu_c( MqucMwul}qkc[0quln¢9 j~qkwu§ampqk xnK
F s(x) = 1 − min
{
1,
∫ ∞
x
F (u)du
}
def
= 1 − F
s
(x).
^_cJlnjujkmbJ|pqk xnaj­xMac[wk 0jkcwu c(qk bJc[jl}wuc(qu_c¡´xM¢¢ x¦  K$qk_acwuccop¨jtqj­lp¨jtquwk §mpquxM
¡´maa+quxM
F
xn
R+
jkma_4qk_&lqFK
dn©
F
¨jjkm§&cop|&xMcCqk¨l}¢Pª¦qk_aqkc &wuj~qbxMbJcCq
M
©
p©^_c( MqucMwul}qkc[p¨jtquwk §mpquxM
F s
¨jXj~ma§&co|LxnacCqk¨l}¢P©
;©^_c¡´xn¢ ¢ x¦c[¬Cm l}¢ cac_xn¢¨j¦_c[
x
qucaajqkx
∞
K
P(σ
(k)
1 > x) ∼ c
(k)F (x),
¡´xnwXln¢¢
k = 1, . . . , K
¦qk_ ∑K
k=1 c
(k) = c > 0
©
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f j(σ, n)
§Lcqu_cI¡´xM¢¢ x¦a£|cUc P¦¨j~c¢  c[lnw¡´maqk xn«xn¡
(σ, n)
ª=¦_cwuc
σ
l}a
n
l}wucxM 
acMl}qk ncfwkcUl}¢°mb§&c[wujFK
f j(σ, n) = 1{σ>na} {σ − na + npjBj} + 1{σ≤na} max
k
{
pjbj,k
σ
a
+
(
bk
a
− 1
)
(na − σ)
}+ F4; H
lnaJ¡´xMwl}¢ ¢L|&xCj~qk ncXwuc[ln¢amb§&c[wuj
x
ªpl}a0l}¢ ¢
j = 1, . . . , K
ªn¢ cq
∆j(x)
§&crqk_c­¡´xn¢ ¢ x¦xnbl} K
∆j(x) = {(σ, t) ∈ R2+, f
j(σ, t) > x}.
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 x → ∞ 
P[Z > x] ∼
K
∑
j=1
πj
∫ ∫
{(σ,t)∈∆j(x)}
P
[
σ(j) ∈ dσ
]
dt.
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{αji , β
j
i , γ
j
i }0≤i≤l
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P[Z > x] ∼
K
∑
j=1
πj





l
∑
i=0
∑
{αji x≤n<α
j
i+1x}
P
[
σ(j) >
x
βji
+ nγji
]





,
F   H
 $(#)
δji = 1/β
j
i + α
j
i γ
j
i

h
d(j) = πjc
(j) 
P[Z > x] ∼
K
∑
j=1
d(j)
{
l
∑
i=0
1
γji
[
F
s
(δji x) − F
s
(δji+1x)
]
}
.
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F
s
∈ R(−α)
&$(# )
α > 0
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P[Z > x]
F
s
(x)
→
K
∑
j=1
d(j)
{
l
∑
i=0
1
γji
[
(δji )
−α − (δji+1)
−α
]
}
.
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F
s
∈ R(−∞)
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
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P[Z > x]
F
s
(x)
→
K
∑
j=1
d(j)
a − pjBj
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^_acjklnb|a¢c(|al}qk_£xMaj~qkwuma+quxM4¦$c( Mquwkxppm&c(_c[wkc(¨jqk_&lqXx}¡ ? A]©$^_c(bln³ Mqucwuc[j~qXx}¡=j~m&_³l
xnaj~qkwumaqk xn¼¨j­qk_al}qjkxnbJcbJxMx}qu¨qts£|wuxn|Lcwkqk c[jfl}wuc|wuc[jkcwuncU¼lnj­cop|¢¨l} c[¼L? AP©^_cUj~c
bJxMx}quxn¨qts|wuxn|Lcwkqk c[jlnjjk_x¦4 ?ÓSAlnwkcwuma¨l}¢E¡´xMwxnmwXlMj~sbJ|pqux}qk¨ln¢ m¢ l}qk xn9©
U Mcc[wuln¢ ¤cU0Cln¥pjkxnIcqt¦xMwk¥¦ ¢ ¢9§&cc acU4§Cs
JN =
{
{σ
(k)
j }j≥1, {ν
(k)
j }j≥0, n
(k), 0 ≤ k ≤ K
}
,
¦_acwuc
N = (n(0), n(1), . . . , n(K))
pcUjkwk §&cUjqk_c£ qk¨l}¢XxMapqk xn9©®^_c³Cqucwu|wkcqul}qk xn ¨jlnj
¡´xM¢¢ x¦XjFKJ¡´xnw
i 6= 0
ªSl}qqubJc
t = 0
ªZ xppc
i
ªqu_cwuc³l}wuc
n(i)
maj~qkxnbJc[wuj¦²qu_ jkcwu cIqk bJc[j
σ
(i)
1 , . . . , σ
(i)
n(i)
F´¡ln||wuxn|wu l}qkcMª
σ
(i)
1
bl?s§&c( Cqkc[wk|wucquc[4lnjlwuc[jk pm&l}¢9jkcwuC¨cfqubJcH©
^_acf Cqkc[wk|wucqlquxMxn¡
n(0)
¨jlnj$¡´xM¢¢ x¦XjFK
J ²¡ n(0) = 0 ªqu_cwuc( jaxcoqkcwualn¢9l}wuwk l}¢P©
J ²¡ ∞ > n(0) ≥ 1 ªqk_c[4¡´xnwl}¢ ¢ 1 ≤ j ≤ n(0) ªqu_cl}wuwk l}¢&qk bJc(x}¡:qu_c j Gqu_4maj~qkxnbJc[w$ 4qk_ccqt¦$xnwu¥Iql}¥Mc[j|¢¨lnclq
σ
(0)
1 + · · · + σ
(0)
j
©  x}qucqk_al}qr³qu_¨jrlMj~cMªpqk_acwucbl?s0§Lcl aqkc
mb§Lcwfx}¡SmajtquxnbJcwjX|&lnjuj~ qu_wkxMmn_3ln nc[¯jtqlquxM¯j~xIqk_al}qrqk_accqt¦xMwk¥4¨j­lM+qkm&l}¢ ¢s
¦c[¢¢Zc acU¯xMacJl aqkcj~cU¬CmcacJx}¡Swuxnmpqua4pcU¨j~ xn&jflna¯jkcwu cqubJcUj jfn nc[¯xM
qk_¨jXj~qul}qk xn9©
ÁÁ ÛjaÉ+Õ2kl
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0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J ²¡ n(0) = ∞ ª9qu_c¦_c[ qul}¥ 4¡´xnw aj~qulnacqk_acIj~cU¬Mmacac {σ(0)j }j≥1
G© P© °© ª9qu_c0lnwkwuln¢
|wuxc[juj jlwucc[¦$ln¢°|wuxc[juj$cqun©
b  ¶  º  ¶DC b  ¶  gW¶  ¹º  
{xMajk pc[wl¯wkxMmpqkc
p = (p1, . . . , pφ)
¦²qu_
1 ≤ pi ≤ K
¡´xnw
i = 2 . . . φ − 1
©Qma_ l3wuxnmpquc0¨j
2,.2 
,:¡
p1 = 0
lna
pφ = K + 1
© ^x3jkma_®l¯wuxnmpqucnª=¦$c4lMjkjkxp¨lqucl¼wuxnmqk  jkc[¬Cmc[ac
ν = (ν(0), . . . , ν(K))
lnj$¡´xn¢ ¢ x¦Xj F
⊕
bJc[lnaj_c[wkc(xMal}qkc[alquxM4lna
∅
qu_c(cbJ|pqts4j~cU¬MmacacH K
Procedure(p) :
1 for k = 0 . . .K do
ν(k) := ∅;
φ(k) := 0;
od
2 for i = 1 . . . φ − 1 do
ν(pi) := ν(pi) ⊕ pi+1;
φ(pi) := φ(pi) + 1;
od
 x}qucZqk_&lq
φ(j)
 j:qk_acmb§&c[wxn¡C¨jk²qj9quxrxppc
j
jkma_lrwkxMmpqkcM© Dð|&l}wkqk¨m¢¨l}wxMmwjtqux_&lnj~qk¨
¡´wl}bJc[¦xMwk¥EªC¦c(_al?Mc
E[φ(j)] = πj
©
U jk b|a¢czZm¢ cwrcqt¦$xnwu¥ jrlMcc[wuln¢ ¤cU0Cln¥pjkxnIcqt¦xMwk¥
E = {σ, ν, N},
¦qk_
N = (1, 0, . . . , 0) = 1
ªj~ma_3qk_&lqqk_cwuxnmqk 4jkc[¬Cmc[ac
ν = {ν
(k)
i }
φ(k)
i=1
¨jncacwlqkcU¼§s
l¯j~ma[cUjkj~¡´m¢Zwuxnmpquc0l}&«j~ma_qu_alq
σ = {σ
(k)
i }
φ(k)
i=1
¨jl£jkc[¬Cmc[ac0x}¡wkcUl}¢ Pln¢mcU xn ]c[MlquMc
mb§&c[wuj[ªpwuc|wuc[jkcCqk Jj~c[wk¨c­qk bJc[j[©
{xMaj~¨pc[w:lj~cU¬Cmcacx}¡j~ bJ|¢ c=zZm¢ cw:acqt¦$xnwu¥j[ªjul?s
{E(n)}0n=−∞
ª[¦_c[wkc
E(n) = {σ(n), ν(n), 1}
©
axnw
m ≤ n ≤ 0
ª:¦$cJc ac
σ[m,n]
l}&
ν[m,n]
qux³§&cJqu_cIxMal}qkc&lqk xn3x}¡
{σ(k)}m≤k≤n
l}&
{ν(k)}m≤k≤n
l}a0qk_ac£pc &cqk_c 1.S5nc[cwl}¢  ¤c[MlM¥pj~xMIcqt¦$xnwu¥ K
JN[m,n] = {σ[m,n], ν[m,n], N[m,n]},
¦qk_
N[m,n] = (m − n + 1, 0, . . . , 0).
   f   S»Wp ¶ 
U jI|wuxncU®N? A]ª¡´xnw4l}¢ ¢r|LxMjuj~ §¢ c¼l}¢ mc[jIx}¡
ν(p)
lna
σ(p)
 qk_c j~ bJ|¢c¯zZm¢ cw4cqt¦$xnwu¥pjª
¡´xMw4ln¢¢ CqkcMcwj
m ≤ n
ªXqk_ac xnbJ|&xCj~cU cqt¦xMwk¥
JN[m,n]
j~qul?spjcbJ|pqts¡´xMwkc[ncw4l¡Ãqucw£j~xMbJc
&²quc¯qubJcM©  cpcax}qkc §s
X[m,n]
qk_c3qk bJc¯qux c[bJ|pqts
JN[m,n]
¡´xnwucMcw4l}a §Cs
Z[m,n] =
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X[m,n] −
∑m−n+1
i=1 σ
(0)
[m,n],i
qk_ac¯lnjuj~xp l}qkc[ blop bJln¢rl}qkcwU© ^_ac¯j~cU¬Cmcac
Z[−n,0]
¨j0ln®  
wkcUlnjkaJjkc[¬Cmc[acM©  cpc aac(qk_cblopbln¢l}qkcwrx}¡qk_cnc[cwl}¢ ¤[c[³Cln¥pj~xMacqt¦$xnwu¥
JN =
{σ, ν, N}
¦_cwuc
σ
lna
ν
lnwkc4qu_c£ aqkc¼xMal}qkc[alquxM xn¡­qu_c
{σ(n)}n
lna
{ν(n)}n
l}&
N = (+∞, 0, . . . , 0)
ªa§Cs
Z = lim
n→∞
Z[−n,0].
FÌ H
^_acxnwucb"d7;Jxn¡? Aln||¢ cUjrjkxqk_al}q­¡
λb < 1
qu_c
Z < ∞
l© j© OExnMcwj~c[¢sMª²¡
λb > 1
ª
Z = ∞la© j[©
^xIl}¢ ¢:Mcc[wuln¢ ¤cUCln¥pjkxn4cqt¦$xnwu¥
JN[m,n]
ªL¦cln¢ jkxIlnjujkx l}qkcfqk_acnc[cwl}¢ ¤[c[4MlM¥pj~xMcq 
¦$xnwu¥
JN[m,n](Q)
 ¦_¨_wk Jjkc[¬Cmc&c[jlnwkc­qk_cjul}bJcflMj$qk_cxMwk n al}¢Lcqt¦xMwk¥Jcoc|pq
¡´xMwZqu_crjkc[¬Cmc&c
{σ
(0)
j }
qk_al}q¨jZx¦
σ
(0)
j = 0
¡´xnw$l}¢ ¢
j
©RQ b ¢¨l}wu¢s¦crc ac
Z[m,n](Q)
qu_cqubJc
quxJcbJ|pqtsIqu_c(nc[cwl}¢  ¤c[MlM¥pj~xMIcqt¦$xnwu¥
JN[m,n](Q)
©
:cq
Y
(k)
i =
φ(k)(i)
∑
j=1
σ
(k)
j (i)
F  H
§Lcqk_acqkx}ql}¢°¢ xMlM0§wuxnman_Cq$§s F´coqucwual}¢H$maj~qkxMbc[w
i
qkxj~qul}qk xn
k
©  x}qucqk_al}q
Zi = Z[i,i] = Y
(1)
i + · · · + Y
(K)
i , ∀i
Z[n,0](Q) ≥ max
j=1,...,K
0
∑
i=n
Y
(j)
i , ∀n ≤ 0.
:cbJblxn¡ ? ;SAln¢ jkxbJ|¢ cUjqk_&lq
lim
n→∞
Z[−n,0](Q)
n
= b
l© j[©
.
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J Z]\ !^ qk_c(jkc[¬Cmc[acfx}¡j~ bJ|¢cfzZm¢ cwacqt¦$xnwu¥j {E(n)}−∞n=0
xMajk j~quj$x}¡G© G© °©=wl}axnb)l}wu!
l}§¢ c[j[©
J Z _^ qk_c$wl}apxMb ?lnwk¨l}§a¢cUj {Y (k)i }
l}wucS apc[|&c[apcCq=x}¡aqk_c$Cqucw ]lnwkwuln¢}qk bJc[j[ªnl}&j~m&_
qk_al}qqu_c4jkc[¬Cmc[ac0x}¡wulnapxMb Mc[+quxnwj
(Y
(1)
i , . . . , Y
(K)
i )
 jG© G© °©LF´nc[cwl}¢$pc|Lc&pcac[j
§&cqt¦c[c4qk_acxnbJ|Lxnc[Cqujx}¡qk_c(Mc[qkxnw
(Y
(1)
i , . . . , Y
(K)
i )
lnwkc(l}¢ ¢ x¦cU.H+ª
lnwkcf§Lx}qk_£julqu j ac[9©
rapcw U juj~mbJ|pquxMdMªqk_ac?lnwk¨l}§a¢c
Z
lnjujkx l}qkcU(qkx
JN = {σ, ν, N}
wuc|wuc[jkcCqj:qu_cXj~qulquxM 
lnwks0bJl}opb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lqucwXxn¡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 ¼j~qkc[lMpsj~qul}qkc(qux0¢ c[lnwqk_ac¦$xnwu¢¥MxMln0x}¡Zl}¢ ¢maj~qkxnbJc[wuj|awkcUj~c[MqX ³qk_acjksj~qkc[b ¦_c[¼jtquxn||a
¡´mqkmwucl}wuwk l}¢¨j©
rapc[w U juj~mbJ|pquxM³aªqk_aclnjuj~mbJ|pquxMaj	Za b ^ l}aCZ]d ^ xn¡ ? A:l}wuc(jkl}qk¨j&c[K
J Za b ^ axnwXln¢¢ k = 1, . . . , K
P(Y
(k)
1 > x) ∼ π
k
P(σ(k) > x) ∼ d(k)F (x),
¦²qu_
d(k) = c(k)πk
l}&Iqu_c
d
def
=
∑
k d
(k) > 0
©
J Z]d ^
P(
K
∑
k=1
Y
(k)
1 > x) ∼ P( max
1≤k≤K
Y
(k)
1 > x) ∼
K
∑
k=1
P(Y
(k)
1 > x) ∼ dF (x).
Qpcc	Qc[qk xnajXa© a©Ólna  p© xn¡ ?ÓA]©
rapc[w U jujkmbJ|pqk xn«&ª:qu_cwucIcop¨jtqjl³xM ðpc[wkcUlnjk³ CqkcMcw Pln¢mcU¼¡´maa+quxM
Nx → ∞
l}a
jkma_qk_al}q[ªp¡´xMwXl}¢ ¢ aqkc(wuc[ln¢°Cmab§Lcwj
b
ª
Nx
∑
n=0
F (x + nb) = o
(
F
s
(x)
)
, x → ∞
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t
z
σ = taσ
σ = z + t(a − pjBj)
σ = a z+t(a−bk)
a+pjbj,k−bk
W nmwuc ;K­xnbl} 
∆j(z)

¶    L  #
X
-"I
  624-5"2,.)!# ) #
F
s
∈ S

εn → 0

n → ∞

h
a(x)
x
→ a,
b(x)
x
→ b,
$(# )
0 < a < b

x → ∞

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F (x) = P[X > x]


α ≥ 1, β > 0
($&') 6 S
x → ∞
∑
a(x)≤n<b(x)
P[X > αx + n(β + εn)] −
∑
ax≤n<bx
P[X > αx + nβ] = o(F
s
(x)).
  º9ºDG 
axnwqu_cj~ bJ|¢  ²qtsIxn¡Wax}qul}qk xn9ªp¦$c(lnjuj~mabcfqu_alq
a(x) ≤ ax
¡´xnwXln¢¢
x
©  c(_&l?nc
∑
a(x)≤n≤ax
P[X > αx + n(β + εn)] =
1 + ε(x)
β
∫ αx+axβ
αx+a(x)β
F (u)du
≤
1 + ε(x)
β
ax − a(x)
ax
F
s
(αx)
jk ac
F (x)
 jfxM P awkcUlnjk&© iXc[acMª:¦$c_&l?ncxn¢ s£qkx4|wuxncqk_cJ¢ cbJbl¡´xnw
a(x) = ax
lna
b(x) = bx
©  c(_al?nc­qk_ac¡´xn¢ ¢x¦ J§&xMma4¦qk_
δx = supn≥ax εn
©
∑
ax≤n<bx
P[X > αx + n(β + εn)] − P[X > αx + nβ] ≤
∑
n
P[X ∈ (αx + nβ, αx + n(β + δx)]
= (1 + ε(x))F
s
(αx)
(
1
β
−
1
β + δx
)
= o(F
s
(αx)) = o(F
s
(x)).

  º9ºDGºDG  E ¶Cº  ¶  B 
^_&l}¥pjqux{xnwuxn¢ ¢ lnwks£dMªa¦$c(¥Cax¦ qu_alqXqu_c(ql} ¢:lnjksb|qkx}qu x}¡Wqk_cbl}o bl}¢:alqkc[wX¨jX¢ ¥Mc[qkx
qu_c¬Cmal}Cqu²qts
S(j)
pc aac[§Cs
S(j) =
∑
n≥Nx
P
[
Z[−n,0] > x, K
j
n, Y
(j)
−n > xn, φ
(j)(−n) ≤ L
]
.
 ­qk_ac(cnc[Cq
Ajn,x = K
j
n ∩
{
Y
(j)
−n > xn, φ
(j)(−n) ≤ L
} ªp¦c_al?Mc
{Z[−n,0] > x} = {f
j(Y
(j)
−n , n) > x − nηn}
= {(Y
(j)
−n , n) ∈ ∆
j(x − nηn)}.
{¢ c[lnwk¢ s
∆j(z)
 jlJxM ]awkcUlnjka¡´maqk xn³x}¡
z
l}a4¦$c(pc aac
Dj− = ∆
j(x − nεn) ⊃ ∆
j(x − nηn) ⊃ ∆
j(x + nεn) = D
j
+.
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axnw(jkbJ|¢  ²qts£xn¡xnqul}qk xn9ª°¦$c¦wuqkc
Y (j) = Y
(j)
−n
l}&
φ(j) = φ(j)(−n)
©  clnjuj~mabc¦(© ¢G© xa© a©
qu_alq
εn
 jXlJpcUwuc[lMj~ Jj~cU¬Mmacacnªp_c[acf¡´xnw
n ≥ Nx
ª
εn ≤ εNx = εx
l}a¦c(_&l?nc­¡´xnw
n ≥ Nx
A+(n) = P
[
(Y (j), n) ∈ Dj+
]
=
l
∑
i=0
1{αj
i
(x+nεn)≤n<α
j
i+1(x+nεn)}
P
[
Y (j) >
x
βji
+ nγji +
nεn
βji
]
≤
l
∑
i=0
1{αj
i
x≤n<αj
i+1(x+nεx)}
P
[
Y (j) >
x
βji
+ nγji +
nεn
βji
]
.
^_ac4¦c(_al?Mc
∑
n≥Nx
A+(n) ≤
∑
{Nx≤n<α
j
1x(1+ε(x))}
P
[
Y (j) > x + n(a − pjBj) + nεn
]
+
l
∑
i=1
∑
{αj
i
x≤n<αj
i+1x(1+ε(x))}
P
[
Y (j) >
x
βji
+ nγji +
nεn
βji
]
.
^_&l}¥pj$qkx U jkjkmbJ|pqk xn¼ªp¦c¥x¦ qu_alq
Y (j)
jkl}qk¨jacUjlnjuj~mab|qk xn4x}¡ :cbJblG;Jl}a¦c_al?Mc
∑
n≥Nx
A+(n) =
∑
{0≤n<αj1x}
P
[
Y (j) > x + n(a − pjBj)
]
+
l
∑
i=1
∑
{αj
i
x≤n<αj
i+1x}
P
[
Y (j) >
x
βji
+ nγji
]
+ ε(x)F
s
(x)
= (1 + ε(x))
l
∑
i=0
∑
{αj
i
x≤n<αj
i+1x}
E[φ(j)]P
[
σ(j) >
x
βji
+ nγji
]
+ ε(x)F
s
(x),
¦_acwuc­qu_c(¢¨lnj~qcU¬Cmal}¢ ²qtsI¡´xn¢ ¢x¦Xj¡´wuxnblMjkjkmbJ|pquxMCZ0acb ^ © >$mpqX¦$c_al?nc
S(j) ≤
∑
n≥Nx
A+(n).
 c(x¦ ¢xxn¥Il}qqk_c(¢ x¦$cw§&xMma°©  qk_4qu_cjklnbJclnwkMmbJcCqujlMjl}§Lxncnªp¦$cc[lMj~ ¢s0ncq¦qk_
A−(n) = P
[
(Y (j), n) ∈ Dj−
]
,
qu_alqUª
∑
n≥Nx
A−(n) =
∑
n≥Nx
A+(n) + ε(x)F
s
(x).
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 c(x¦ j~_x¦ qk_al}q
∑
n≥Nx
A−(n) =
∑
n≥Nx
P
[
(Y (j), n) ∈ Dj−, A
j
n,x
]
+ ε(x, L)F
s
(x).
{xMajk pc[w$qk_cpWEcwucac
A−(n) − P
[
(Y (j), n) ∈ Dj−, A
j
n,x
]
≤ P
[
(Y (j), n) ∈ Dj−, φ
(j)(−n) > L
]
≤ P
[
Y (j) ≥ x + n(a − pjBj − εn), φ
(j)(−n) > L
]
¦_acwucqu_cJ¢ lMjtq( c[¬Cmaln¢qts£¡´xM¢¢ x¦Xj­¡´wkxMb8&¢ maj~ xn@Ftd   H­x}¡ 9c[bbl£p©  qk_ qk_acIjklnbcJ¥ a¯xn¡
lnwkMmbJcCqlnj ¼{xMwkxM¢¢¨l}wus³dnªp¦$c_al?nc
∑
n≥Nx
A−(n) − P
[
(Y (j), n) ∈ Dj−, A
j
n,x
]
≤ ε(x, L)F
s
(x).
ircacnª¦$c|wuxnc[Iqk_al}qX¦_c
x → ∞
ª¦$cf_&l?nc
S(j) ∼
l
∑
i=0
∑
{αj
i
x≤n<αj
i+1x}
E[φ(j)]P
[
σ(j) >
x
βji
+ nγji
]
.
 x¦j~ ac¯qk_¨j4¬Mm&l}Cqkqts ¨j¢xM«quln¢ c[9ªX¦c¯maj~c«{xnwuxn¢ ¢ lnwks d¼qkx pcwuMc£qk_ac3lnjksbJ|pqkxnqk¨³¡´xnw
P[Z > x]
©

 2423	4+1  (  <
^_acf|awkxx}¡W jX§alnjkc[xn4vZwuxn|Lcwkqts¼dnªp¦_¨_£j~_ax¦XjSqu_alqX¦$c_al?nc
P[Z > x] = (1 + ε(x))


K
∑
j=1
∑
n≥Nx
P[Z > x, Y
(j)
−n > xn, K
j
n]

 .
Qpac
Z ≥ Z[−n,0]
ª¦$c_al?nc
P[Z > x, Y
(j)
−n > xn, K
j
n,x] ≥ P[Z[−n,0] > x, Y
(j)
−n > xn, K
j
n]
≥ P[Z[−n,0] > x, Y
(j)
−n > xn, K
j
n, φ
(j)(−n) ≤ L].
ircac¦c(_al?Mc
P[Z > x] ≥ (1 + ε(x))


K
∑
j=1
∑
n≥Nx
P[Z[−n,0] > x, Y
(j)
−n > xn, K
j
n, φ
(j)(−n) ≤ L]

 .
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 cax¦ cwuMcqk_cm||Lcwf§&xMma°©r^Wl}¥Mc
zx → ∞
jkma_³qu_alq
F
s
(x + zx) ∼ F
s
(x)
ªLqk_c[¼¦_c
x → ∞
ª¦$c_al?nc
P[Z[−∞,−n−1] < zx] = P[Z < zx] → 1.
 cpc &c
x̃ = x + zx
ªl}&
K̃jn,x = K
j
n ∩ {Z[−∞,−n−1] ≤ zx}
©  ­§&j~c[wkMcqu_alq
K̃jn,x
julqu j ac[j
ln¢ jkxIlnjujkmbJ|pqk xnajrx}¡=vZwuxn|Lcwkqts¯dM©>s³jkm§ ðlnpqk ²qtsMª&¦$c_al?Mc
Z ≤ Z[−∞,−n−1] + Z[−n,0]
FÌjkcc
? A H+ª_acac
P(Z > x̃, K̃jn,x, Y
(j)
−n > x̃n) ≤ P(Z[−∞,−n−1] + Z[−n,0] > x̃, K̃
j
n,x, Y
(j)
−n > x̃n)
≤ P(Z[−n,0] > x, K̃
j
n,x, Y
(j)
−n > xn)
≤ P(Z[−n,0] > x, K
j
n, Y
(j)
−n > xn).
 c(x¦ bJln¥nc­qk_cquwkmaal}qk xn4x}¡
φ
©
A(n) = P
[
Z[−n,0] > x, K
j
n, Y
(j)
−n > xn
]
≤ P
[
Z[−n,0] > x, K
j
n, Y
(j)
−n > xn, φ
(j)(−n) ≤ L
]
+ P
[
Y
(j)
−n > xn, φ
(j)(−n) > L
]
= P
[
Z[−n,0] > x, K
j
n, Y
(j)(E(−n)) > xn, φ
(j)(−n) ≤ L
]
+ B(n).
 c(¦ ¢¢9m&j~cfqk_ac¡´xn¢ ¢x¦ wkcUj~m¢qrpmcfqux c[j~qkcCFÃ¡´xMwXl|wkxxn¡Wjkcc U qk_awkc[sMll}a  c[sY? dA H K
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5#
X ∈ S

 5#
Sn
-0 #).92,   

n

 1 5
h 
# 0142  

X
  ) 5
 
	65
ε > 0
R# ) 5 / :2#3
K(ε) > 0
2,.)_#).#
sup
x≥0
P[Sn > x]
P[X > x]
≤ K(ε)(1 + ε)n, n = 1, 2, . . .
gcUln¢¢qu_alq
P(φ(j)(0) = l) = δl(1 − δ)
¡´xnwIjkxnbJc
0 < δ < 1
ª_c[ac³ql}¥Mc
ε
jkma_®qk_al}q
(1 + ε)δ < 1
ªl}a¦c(_&l?nc
B(n) =
∑
l≥L+1
P[φ(j)(−n) = l]P
[
l
∑
k=1
σ
(j)
k (−n) > xn
]
≤
∑
l≥L+1
δl(1 − δ)K(ε)(1 + ε)lP[σ(j) > xn]
≤ (1 − δ)K(ε)P[σ(j) > xn]
((1 + ε)δ)L+1
1 − (1 + ε)δ
.
^_ac9ª¦$c_al?nc
∑
n≥Nx
A(n) ≤
∑
n≥Nx
P
[
Z > x, Kjn, Y
(j)
−n > xn, φ
(j)(−n) ≤ L
]
+ ε(x, L)F
s
(x).
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Qpac
K̃jn,x
jkl}qk¨j&c[jlnjujkmbJ|pqk xnajxn¡vZwuxn|Lcwkqts¼dMªp¦c_al?Mc
P(Z > x̃) = (1 + ε(x̃))
K
∑
j=1
∑
n≥Nx̃
P(Z > x̃, K̃jn,x, Y
(j)
−n > x̃n)
≤ (1 + ε(x))
K
∑
j=1
∑
n≥Nx
P(Z[−n,0] > x, K
j
n, Y
(j)
−n > xn)
≤ (1 + ε(x))
K
∑
j=1
∑
n≥Nx
P(Z[−n,0] > x, K
j
n, Y
(j)
−n > xn, φ
(j)(−n) ≤ L) + ε(x, L)F
s
(x).
ircacnª¦$c_al?ncjk_x¦cUI¦qk_³qu_cx}qlqk xn4x}¡Wqk_ac(¢c[bbl
(1 + ε(x))G(x) ≤ P(Z > x)
P(Z > x + zx) ≤ (1 + ε(x))G(x) + ε(x, L)F
s
(x).
awkxMb qu_c[jkcr c[¬Cmaln¢qk c[j[ªn¦$crp wuc[+qu¢sJpc[wk nc c[¬Cmaln¢qts!FtdU H+© D]¡
G
¨jZ¢ xna(quln¢ c[°ªC¦$cXl}I_axCxCj~c
zx → ∞
j~m&_qk_al}q
G(x + zx) ∼ G(x)
l}a
F
s
(x + zx) ∼ F
s
(x)
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